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The generation and manipulation of hybrid entanglement of light involving discrete- and
continuous-variable states have recently appeared as essential resources towards the realization of
heterogeneous quantum networks. Here we investigate a scheme for the remote generation of hy-
brid entanglement between particle-like and wave-like optical qubits based on a non-local heralding
photon detection. We also extend this scheme with additional local or non-local detections. An
additional local heralding allows the resulting state to exhibit a higher fidelity with the targeted
entangled qubits while a two-photon non-local heralding detection gives access to a higher dimen-
sionality in the discrete-variable subspace, resulting thereby in the generation of hybrid entangled
qutrits. The implementation of the presented schemes, in combination with ongoing works on high-
fidelity quantum state engineering, will provide novel non-classical light sources for the development
of optical hybrid architectures.
I. INTRODUCTION
Following the wave-particle duality of light, optical
quantum information protocols have been traditionally
implemented based either on discrete variables or on
continuous variables of the electromagnetic field [1–
3]. The discrete-variable (DV) approach involves sin-
gle photons living in a finite-dimensional space spanned
for instance by orthogonal polarizations or the absence
or presence of a single photon [4]. Alternatively, the
continuous-variable (CV) approach encodes information
within quadrature components (amplitude or phase) of a
light field [5] and qubits can be implemented as arbitrary
superpositions of coherent states with equal amplitude
but opposite phases, also known as optical Schro¨dinger
cat states or qumodes [6–8].
Recently, tremendous progress has been seen to com-
bine both approaches in a so-called optical hybrid archi-
tecture, with the aim of gathering benefits from both
sides and exploring new capabilities in quantum in-
formation science [8–11]. First of all, DV operations
are necessary to transform initial Gaussian resources to
non-Gaussian states [12]. Photon subtraction acting
on squeezed vacuum states is now commonly used to
prepare Fock states and their superpositions, including
Schro¨dinger cat states [7, 13–24]. Beyond quantum state
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engineering, the DV-CV hybridization has also led to a
variety of theoretical studies and experimental investiga-
tions of novel protocols where states and operations are
combined. Experimental implementations of Gaussian
entanglement distillation have been made possible by co-
herent subtraction of single photons [25–27]. Determin-
istic continuous-variable teleportation of DV qubits has
been demonstrated [28] as well as single-photon entan-
glement certification based on local quadrature measure-
ments between distant nodes [29, 30].
Another motivation in the field is the development of
heterogeneous quantum networks, where CV and DV re-
sources can be effectively combined and interconverted
[8, 11]. In this context, the ability to interface disparate
encoding basis becomes a key component for quantum
teleportation protocols. In this scenario the required
quantum link is provided by hybrid entanglement of light,
i.e., entanglement of the form |0〉|α〉+ |1〉| − α〉 between
particle-like and wave-like optical qubits [31]. Recently
such hybrid entangled states have been experimentally
generated [32–34], including at a distance via a loss-
tolerant scheme [32]. These entangled states have then
been used to interconvert quantum information between
CV and DV encodings [35, 36], to demonstrate remote
state preparation of arbitrary CV qubits by local manip-
ulation of the DV component [37] or to violate a steering
inequality that shows their suitability for semi-device-
independent protocols [38]. Such class of states has also
been considered for resource-efficient quantum computa-
tion [39, 40] and near-deterministic quantum teleporta-
tion [41, 42]. Additionally, optical hybrid entanglement
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2is reminiscent of the original idea of the Schro¨dinger cat
state, with potential interesting studies of micro-macro
properties in phase space [43, 44].
The hybrid entangled state first generated in [32] re-
lies on a probabilistic preparation heralded by the detec-
tion of a single photon in an indistinguishable fashion.
Here we provide a detailed investigation of this scheme
and extend it to engineer CV-DV entangled states. In
particular, we investigate the effect of local squeezing
and photon-counting balancing, and we consider various
cases with local and non-local photon subtractions. The
presented schemes will also stimulate fundamental explo-
ration on properties of such class of states, which may be
the basis for novel protocols and practical implementa-
tion of heterogeneous quantum networks.
This paper is organized as follows. First, in section II
we outline a measurement-induced scheme for the prepa-
ration of hybrid qubit entanglement and illustrate a pos-
sible application of the generated state as a quantum en-
coding converter. Then, in section III we provide a formal
derivation of the state and discuss the experimental steps
for its preparation as realized in [32]. We evaluate in par-
ticular the properties of the entangled states and discuss
the decoherence induced by photon loss or phase noise.
In section IV we investigate an enhanced scheme, where
an additional local subtraction is applied to improve the
fidelity with the targeted state. Then, in section V we
introduce the non-local detection of two photons to gen-
erate hybrid qutrit entanglement for higher dimensional-
ity. The effects of local squeezing and photon-counting
balancing are discussed. Finally, in section VI we provide
a short summary and outlook.
II. MEASUREMENT-INDUCED GENERATION
OF HYBRID ENTANGLEMENT
In principle, deterministic generation of hybrid entan-
glement between discrete- and continuous-variable can be
realized by dispersive light-matter interaction [45] or by
cross-Kerr nonlinearity between a coherent state and a
single-photon qubit [46, 47]. However, such approaches
are still very challenging. A compromised workaround
resorts to the seminal Knill-Laflamme-Milburn protocol
[48], where the desired strong nonlinear coupling is pro-
vided by conditional photon detection at the expense of
a probabilistic operation. In this section we consider the
scheme for the generation of remote CV-DV hybrid en-
tanglement of light based on the heralding of a photon at
a central station. This scheme will be the starting point
for all ensuing discussions.
The scheme is illustrated in figure 1a. The basis for
discrete encoding is provided by the absence and pres-
ence of a single photon, |0〉 and |1〉. For the continuous-
variable qubit, the basis is given by even and odd coher-
ent state superpositions, also known as cat states, |cat+〉
and |cat−〉. A small fraction of light is subtracted from
Bob’s initial state, |cat+〉, and mixed with one mode of
FIG. 1. Hybrid entanglement of light used as the resource
for a qubit converter. (a) Generation scheme for hybrid en-
tanglement between particle-like and wave-like optical qubits.
The small fraction subtracted from an even cat state |cat+〉
on Bob’s side is mixed with one mode of a weak two-mode
squeezed vacuum state |TMSS〉 generated on Alice’s side. A
single-photon detection at the central station will herald the
generation of hybrid entanglement. (b) Scheme for the qubit
encoding converter. The key resource for this teleportation-
based protocol is the hybrid entanglement of light. The input
qubit is mixed with the discrete-variable mode of the hybrid
entangled state on a symmetric beam-splitter. The detection
of a single photon in one output port of the beam-splitter
will herald the successful mapping to the targeted continuous-
variable qubit.
a weak two-mode squeezed vacuum |TMSS〉 generated
on Alice’s side. A single-photon detection at one output
of the beam-splitter will herald the generation of hybrid
entanglement. The resulting output state, for which a
rigorous derivation is provided in section III A, is of the
form |0〉|cat−〉+ |1〉|cat+〉.
One advantage of this scheme is that the fragile compo-
nents remain local, and only single photons propagate be-
tween the two distant nodes. As a result, a lossy herald-
ing channel affects the success rate but not the fidelity
of the resulting state, such as in the Duan-Lukin-Cirac-
Zoller proposal for entangling remote quantum memories
[49]. Therefore, the proposed method is suitable to estab-
lish hybrid entanglement connection over a long distance.
A. An example application: a qubit encoding
converter
One example of a networking protocol based on hybrid
entanglement is a qubit encoding converter, which would
allow the interaction and transfer of information between
different types of qubits in heterogeneous quantum net-
works.
A possible converter scheme is presented in figure
1b, where the hybrid entangled state of light serves
as the driving element of a discrete-to-continuous con-
verter mapping single-photon qubits to coherent-state-
superposition qubits. The converter, represented by
the gray box, receives an arbitrary superposition be-
tween presence and absence of a single photon as in-
put, c0|0〉C + c1|1〉C , which is then mixed on a beam-
splitter with the DV mode of the hybrid entangled state
3|0〉A|cat−〉B + |1〉A|cat+〉B . The successful conversion is
heralded by the detection of exactly one photon at one
output port of the beam-splitter within the converter.
This single photon can originate either from mode A or
mode C. If the single photon comes from the input qubit
state, then the heralded state will be c1|cat−〉B . If in-
stead the single photon is coming from the hybrid state,
the resulting output will be c0|cat+〉B . Due to the indis-
tinguishability between these two events, a qubit state is
obtained as c0|cat+〉B + c1|cat−〉B .
Rigorously, the mixing between the input qubit and the
hybrid entangled state on the symmetric beam-splitter
are described by the following operator evolutions:
aˆ† → aˆ
† + cˆ†√
2
and cˆ† → cˆ
† − aˆ†√
2
, (1)
where aˆ† and cˆ† are creation operators in modes A and
C. The resulting three-mode state is given by
|ψ〉 ∝ c0|0〉C |0〉A|cat−〉B + c1(|2〉C |0〉A − |0〉C |2〉A)|cat+〉B
+
c0√
2
(|1〉C |0〉A + |0〉C |1〉A)|cat+〉B
+
c1√
2
(|1〉C |0〉A − |0〉C |1〉A)|cat−〉B .
(2)
Projecting on a single photon on mode C and tracing out
mode A, the result is the targeted qumode on mode B
converted from the original input. Note that the reverse
conversion from qumodes to qubits can be realized by
using Bell-state measurements for coherent-state qubits
[50]. In these converters, hybrid entanglement is the crit-
ical resource for mapping the two computational bases.
III. GENERATION OF HYBRID QUBIT
ENTANGLEMENT
In this section we focus on the creation of hybrid en-
tanglement between particle-like and wave-like optical
qubits. We consider current experimental generation
schemes, as demonstrated in [32], and identify the rele-
vant parameters and resources. In particular, we discuss
the negativity of the associated Wigner functions and the
negativity of entanglement of the bipartite state, that will
also be considered in the extended schemes presented in
the next sections.
A. Model of the generation scheme
A detailed generation scheme is illustrated in figure
2. On the continuous-variable side, the Schro¨dinger cat
states can be expressed as
|cat±〉 = |α〉 ± | − α〉
N±
=
|α〉 ± | − α〉√
2(1± e−2α2) , (3)
FIG. 2. Scheme for measurement-induced generation of
hybrid entanglement in a practical scenario. The initial
continuous-variable state, an even cat state |cat+〉, is approxi-
mated here by a squeezed vacuum, as experimentally realized
in [32]. The optional shaded boxes represent extensions of the
scheme. The first box on mode a enables the implementation
of an additional local subtraction on Bob’s side to increase the
fidelity and size of the generated hybrid entangled states, as
discussed in section IV. The second optional box replaces the
measurement at the central station with a two-photon detec-
tion, enabling the generation of hybrid qutrit entanglement
as detailed in section V.
where the amplitude α of the coherent state is assumed to
be real for simplicity. A small fraction of light is tapped
from the initial cat state by a beam-splitter of amplitude
reflectivity sin(θ) ≈ θ  1, resulting in
Bˆ(θ)|cat+〉a|0〉b = eθ(aˆbˆ†−aˆ†bˆ)|cat+〉a|0〉b
≈ (1 + θaˆbˆ†)|cat+〉a|0〉b ,
(4)
where Bˆ(θ) is the beam-splitting operator and aˆ†, bˆ† are
the respective creation operators for modes a and b. On
the other side a two-mode squeezed vacuum state in the
low gain limit (with a small squeezing factor λ  1) is
prepared, which can be approximated as
|TMSS〉c,d ≈ |0〉c|0〉d + λ|1〉c|1〉d
= (1 + λcˆ†dˆ†)|0〉c|0〉d ,
(5)
where cˆ† and dˆ† are creation operators in the correspond-
ing modes c and d.
The modes b and c are then spatially combined on
a beam-splitter with reflectivity and transmissivity co-
efficients r and t, leading to the transformations bˆ† →
eiϕ1(tbˆ† + rcˆ†) and cˆ† → eiϕ2(tcˆ† − rbˆ†), where ϕ1,2 de-
note the accumulated phases. Substitution within the
above expressions yields the resulting state:
(1 + eiϕ1θraˆcˆ† + eiϕ1θtaˆbˆ†)×
(1 + eiϕ2λtcˆ†dˆ† − eiϕ2λrbˆ†dˆ†)|cat+〉a|0〉b,c,d .
(6)
We implement the measurement-induced generation of
the entangled state by considering only the terms con-
taining b†, i.e. ignoring vacuum contributions and con-
sidering only heralded states on mode b. Tracing out
mode c and keeping only first-order terms in θ and λ,
the state is finally reduced to
θtaˆ|cat+〉a|0〉d + λr|cat+〉a|1〉d , (7)
4with ∆ϕ = ϕ1 − ϕ2 = pi for simplicity. Since aˆ|cat+〉 =
αN−N+ |cat−〉, the heralded state can be rewritten as
θtαN−|0〉d|cat−〉a + λrN+|1〉d|cat+〉a . (8)
The superposition weights can be balanced by adjusting
the beam-splitter ratio to obtain the targeted maximally
hybrid entangled state:
|Ψ〉AB = |0〉A|cat−〉B + |1〉A|cat+〉B√
2
. (9)
Note that the subscripts d and a have been replaced by
A and B to indicate that the resulting state is shared by
Alice and Bob, who use DV and CV encodings, respec-
tively. The entangled state above can alternatively be
expressed in the rotated qubit basis, |+〉 = (|0〉+ |1〉)/√2
and |−〉 = (|0〉 − |1〉)/√2, as
|Ψ〉AB = 1√
2
(
|+〉A |cat−〉B + |cat+〉B√
2
+
|−〉A |cat−〉B − |cat+〉B√
2
)
,
(10)
which in the limit of a large α is equivalent to
|Ψ〉AB = |+〉A|α〉B − |−〉A| − α〉B√
2
. (11)
The state can be converted into other forms by the appli-
cation of targeted operations. A Hadamard gate to the
DV mode, which can be realized with a non-Gaussian
ancilla and projective measurements [51], would for ex-
ample transform the above hybrid entangled state into
|0〉A|α〉B+|1〉A|−α〉B . In the following discussion we will
commonly refer to expression 9 unless otherwise speci-
fied.
B. Experimental resources
The protocol above shows how hybrid entanglement
can be established between two CV and DV optical
modes. One element that it does not take into account
however is how to create the CV source state. Large-
amplitude cat states are generally hard to realize in the
optical domain. In the experiment reported in [32] the
CV mode is approximated by a squeezed vacuum state
Sˆ(ζ)|0〉, which has high fidelity with an even cat state
|cat+〉 of amplitude α . 1 [52].
Introducing the squeezed vacuum state and the single-
photon subtracted squeezed vacuum state,
|0PS〉 = Sˆ(ζ)|0〉
|1PS〉 = aˆSˆ(ζ)|0〉
sinh ζ
= Sˆ(ζ)|1〉 ,
(12)
we can rewrite expression 7 as
θt sinh ζ|0〉A|1PS〉B + λr|1〉A|0PS〉B . (13)
(a) (b)
0〉
1〉 0〉
1〉 +〉
-〉 +〉
-〉
FIG. 3. Hybrid entangled state representation. (a) The
blocks provide the Wigner functions associated with the re-
duced density matrices 〈k|ρˆ|l〉 with k, l ∈ {0, 1}. Since the
components with k 6= l are not hermitian, the corresponding
Wigner functions are not necessarily real, but conjugate. The
plot shows the real part for k > l and the imaginary part
for k < l. (b) Wigner functions associated with the reduced
density matrices 〈k|ρˆ|l〉 with k, l ∈ {+,−}, where |+〉 and |−〉
stand respectively for the rotated basis (|0〉 + |1〉)/√2 and
(|0〉 − |1〉)/√2. Here we consider symmetric balancing with
µ2 = 1 and no losses. The local squeezing on Bob’s side is 3
dB.
The resulting two-mode state can then be written as
|Ψ〉AB = SˆB(ζ) |0, 1〉A,B + µ|1, 0〉A,B√
1 + µ2
. (14)
The weight parameter µ is defined by
µ =
λr
θt sinh ζ
=
√
NA
NB
(15)
and it can be extracted directly from the experiment by
measuring the photon counts NA and NB coming from
the two modes taken independently. Symmetric balanc-
ing between the two components of the entangled state
in a lossless scenario is simply expressed by the condition
µ2 = 1, or equivalently NA = NB . In the presence of loss,
modeled by finite transmission through a beam-splitter,
balancing is achieved when µ2 = ηB/ηA, where ηA and
ηB are the intensity transmissions for the corresponding
channel.
It should be noted that in this low-amplitude regime
the continuous structure of Bob’s mode is determined by
the squeezing operation SˆB(ζ). Given the local nature of
this operation, we will bypass it whenever appropriate in
order to operate with a rather simplified model to obtain
analytical expressions.
C. Representation of the hybrid entangled state
Typically, the DV quantum states living in a finite-
dimensional Hilbert space are described in terms of den-
sity matrices, while the CV states with potentially in-
finite dimensionality are displayed in the Wigner func-
tion representation. Here we combine the two methods
to show the hybrid entangled state in a visual manner.
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FIG. 4. (a) Negativity of the Wigner function of the state 〈0|ρˆA,B |0〉 as a function of the intensity transmission for various
balancing factors. The losses in two modes are assumed to be symmetric, with ηA = ηB = η. The shaded region indicates the
condition to obtain a negative Wigner function. (b) Negativity of entanglement for various balancing factors as a function of
the transmission η. The local squeezing on Bob’s side is 3 dB. The dashed lines in gray correspond to the simplified model by
removing the local squeezing.
Specifically, the Wigner functions are used to represent
the reduced density matrices 〈k|ρˆA,B |l〉, where |k〉 and
|l〉 indicate states in the discrete basis. The hybrid rep-
resentation of the two-mode density matrix is shown in
figure 3(a) for the case of symmetric balancing µ2 = 1
and no losses. The diagonal blocks 〈0|ρˆ|0〉 and 〈1|ρˆ|1〉
correspond to the single-photon subtracted squeezed vac-
uum state and the squeezed vacuum state, respectively.
The non-zero off-diagonal terms show the coherence of
the superposition. Note that the Wigner functions asso-
ciated with these off-diagonal terms are complex conju-
gate. The real and imaginary parts are thus used for the
terms 〈1|ρˆA,B |0〉 and 〈0|ρˆA,B |1〉, respectively.
The generated hybrid state can also be represented
in the rotated DV basis formed by {|+〉 = (|0〉 +
|1〉)/√2, |−〉 = (|0〉 − |1〉)/√2}, as shown in figure 3(b).
The two projections 〈+|ρˆA,B |+〉 and 〈−|ρˆA,B |−〉 exhibit
an opposite displacement in phase space. In this ba-
sis, the diagonal terms resemble coherent states |α〉 and
| − α〉 with opposite phases. However, they deviate from
the round Gaussian profile expected for coherent states,
showing in particular negative values. This feature arises
because of the initial approximation that uses a squeezed
vacuum as the initial source. As a consequence, the max-
imum achievable fidelity with the targeted hybrid state
of size |α|2 = 1 given in equation 9 is limited to 92%.
To go beyond this limitation, Bob can perform a local
single-photon subtraction to initially prepare an odd cat
sate. The details on this enhanced scheme will be given
in section IV.
D. Negativity of the Wigner function
As can be seen in figure 3(a), the block 〈0|ρˆA,B |0〉
shows negative values in its Wigner function represen-
tation, which is a strong, directly accessible signature of
the non-Gaussianity of the hybrid state. In the protocol,
the term 〈0|ρˆA,B |0〉 corresponds to a photon-subtracted
squeezed vacuum state heralded by the detection of a
single photon on Bob’s side. This photon detection is a
non-Gaussian operation that leads to a pronounced nega-
tivity in the Wigner function, which can be quantitatively
evaluated by the value at the origin of phase space.
Figure 4(a) shows this Wigner negativity as a function
of symmetric transmission efficiency ηA = ηB = η un-
der different balancing conditions. Note that the Wigner
function has been normalized by the scaling factor 2piσ20 ,
where σ20 is the quadrature variance defined by the vac-
uum state. In the limiting case µ2 = 0 all the heralding
photons come from Bob’s side and the two-mode state is
separable. For a small amount of squeezing, the projected
state SˆB(ζ)|1〉B is approximated to a single-photon state,
whose decoherence follows a linear dependence on trans-
mission as 1 − 2η. At the other limit, i.e., for a large
value of µ2, the heralding photons come predominantly
from Alice’s side. After losses the term µ|1, 0〉A,B will
lead to an appreciable weight of |0, 0〉A,B compared to
that of |0, 1〉A,B . Hence, the dominating vacuum state
after projection on the discrete mode |0〉A〈0| could de-
crease the negativity even in the presence of small losses,
indicating a faster decoherence for larger values of µ2 as
shown in Fig. 4(a). For symmetric balancing µ2 = 1,
the negativity of the Wigner function is present for an
intensity transmission above 67.8%.
Rigorously, the losses in the two modes both affect the
negativity [32]. To elaborate this point we consider the
approximated state obtained by omitting the small local
squeezing on Bob’s side, leading essentially to a super-
position state of the form |0, 1〉A,B +µ|1, 0〉A,B as shown
in equation 14. In this case, the evolution of the Wigner
function negativity in a lossy channel can be expressed
analytically as
W = (1− 2ηB) + (1− ηA)µ
2
1 + (1− ηA)µ2 . (16)
6Balancing the state in the general case of asymmetric
losses, µ2 = ηB/ηA, we obtain
W = ηA + ηB − 3ηAηB
ηA + ηB − ηAηB . (17)
The boundary for negativity can be derived as 1/ηA +
1/ηB ≤ 3. A finite efficiency on Alice’s side results into
extra vacuum contributions on Bob’s side. In the par-
ticular case of symmetric channels, the transmission for
both modes should be larger than 2/3 to preserve nega-
tivity in the Wigner function. This requirement is experi-
mentally challenging but feasible for current high-fidelity
quantum state engineering experiments [14, 22]. The ob-
tained boundary agrees well with the previously obtained
value of 67.8%, justifying thereby the simplified model in
the limit of small local squeezing. The reduction of the
Wigner function negativity given by the simplified model
with a 3-dB squeezing on Bob’s side is also shown in Fig.
4(a) and exhibits a slight deviation with the full model
as expected.
We note that in the presented simulations, the state
preparation losses (initial squeezing resource that can be
not pure), the channel propagation losses and the de-
tection losses are incorporated into a total effective loss.
Indeed, only the overall loss affects the properties of the
heralded state. We also underline that losses in the con-
ditioning path are only decreasing the generation rate
and not the fidelity of the heralded state (assuming dark
counts contribution to be negligible, which is usually the
case for experiments based for instance on superconduct-
ing single-photon detectors as used in our implementa-
tions).
E. Negativity of entanglement
The generated entanglement of the bipartite state can
be quantitatively measured by computing the entangle-
ment negativity [53] defined as
N (ρˆ) = 1
2
∑
i
(|λi| − λi), (18)
where λi are the eigenvalues of the partial transpose ρ
TA .
The negativity of entanglement has an upper bound of
0.5, corresponding to a maximally entangled qubit state.
Figure 4(b) gives the negativity of entanglement as a
function of the symmetric intensity transmission η for
various balancing factors. For unbalanced cases with
µ2 6= 1, the negativity of entanglement is smaller than
the maximum value of 0.5, as expected. Particularly, in
the limiting cases µ2 = 0 and µ2  1 the obtained hy-
brid states are separable. For balanced heralding with
µ2 = 1, the negativity of entanglement decreases with
decreasing transmission from the maximum value of 0.5
to 0. Specifically, for the minimum efficiency of 2/3 re-
quired to obtain negativity of the Wigner function, the
corresponding negativity of entanglement is about 0.2.
With the help of advanced optical quantum technolo-
gies, which can demonstrate a high efficiency above 90%
in both modes, limited for instance by current escape effi-
ciencies of optical parametric oscillators [22], it is possible
to achieve an entanglement negativity N = 0.4.
For a small squeezing of the initial source on Bob’s
side, the simplified model without local squeezing can
be used to obtain analytical expressions. In this case,
the two-mode density matrix corresponding to the state
|0, 1〉A,B + µ|1, 0〉A,B leads to
N =
√
4η2µ2 + (1− η)2(1 + µ2)2 − (1− η)(1 + µ2)
2(1 + µ2)
.
(19)
For a squeezing of 3 dB on Bob’s side, the decay of entan-
glement given by this expression is shown in Fig. 4(b),
which is closed to the one obtained by the numerical com-
putation based on the full model.
F. Phase noise
To generate entanglement, the relative phase φ in the
hybrid state |Ψ〉AB ∝ |0〉A|cat−〉B + eiφ|1〉A|cat+〉B has
to be kept constant over successive heralding events.
In any practical realization, however, the superposition
phase between the two heralding paths can vary due to
imperfect phase locking. Assuming that the phase noise
follows a Gaussian distribution with standard deviation
σ, the resulting density matrix then reads
ρˆ =
1√
2piσ
∫ ∞
−∞
e−
φ2
2σ2 |Ψ〉AB〈Ψ|dφ . (20)
Even in the absence of loss (η = 1) the negativity of en-
tanglement will be affected by the phase noise and follow
a Gaussian decay 12e
−σ2/2. It is worth noting that the
accumulated phase fluctuation is not only due to the in-
stability of the two conditional paths but also to all the
perturbations of the other upstream locking signals, such
as in the preparation of the initial squeezing source.
In a typical experiment, the phase parameter could
be controlled with a standard deviation smaller than 5◦
[32], thereby barely degrading the entanglement nega-
tivity. Specifically, for a 5% drop from the maximum
entanglement value (0.5), the allowed standard deviation
σ would be about 18◦. Hence phase noise plays here a
negligible role compared to other loss factors in the ex-
periment.
In the next section, we will present an enhanced ver-
sion of the preparation scheme to obtain hybrid entangled
states with larger size and better fidelity to the targeted
state.
7IV. GENERATION OF ENHANCED HYBRID
QUBIT ENTANGLEMENT
In this section we will consider a variation of the pre-
vious scheme. A local single-photon subtraction is now
implemented on Bob’s side to prepare an odd cat state
as the initial CV source. After a single-photon heralding
event, the entangled state |0〉A|cat+〉B + |1〉A|cat−〉B is
obtained. From an experimental perspective, the even
cat is now approximated by a two-photon subtracted
squeezed vacuum, which allows a better approximation
of cat states with larger sizes [52]. In the following, we
present the enhanced scheme and detail the properties of
the heralded state.
A. Model of the generation scheme
As depicted within the shaded box in figure 2, the ad-
ditional local photon subtraction is implemented on the
initial even cat state on Bob’s side. The subsequent op-
erations are identical to the ones used in the aforemen-
tioned scheme. This novel implementation thus combines
local and non-local photon detections.
Considering an extra mode e for the additional single-
photon subtraction, the state on Bob’s side evolves as
Bˆab(θ)Bˆae(θ0)|cat+〉a|0〉b|0〉e
≈ (1 + θaˆbˆ†)(1 + θ0aˆeˆ†)|cat+〉a|0〉b|0〉e .
(21)
On Alice’s side, the state is still given by the two-mode
squeezed vacuum state |TMSS〉c,d. As before, the condi-
tional paths in modes b and c are combined on a beam-
splitter at the central station, leading to the state
[1 + eiϕ1θaˆ(tbˆ† + rcˆ†)](1 + θ0aˆeˆ†)×
[1 + eiϕ2λdˆ†(tcˆ† − rbˆ†)]|cat+〉a|0〉b,c,d,e .
(22)
Keeping only terms containing bˆ† and eˆ† of first order in
θ and λ, one obtains
(eiϕ1θtaˆ2bˆ†eˆ† − eiϕ2λraˆbˆ†dˆ†eˆ†)|cat+〉a|0〉b,c,d,e . (23)
By projecting modes b and e onto the single-photon state
and tracing out mode c, the state becomes
θtaˆ2|0〉A|cat+〉B + λraˆ|1〉A|cat−〉B , (24)
where ∆ϕ = ϕ1 − ϕ2 = pi is used and subscripts d, a are
replaced by A,B.
In an experimental realization, the initial even cat state
can be approximated by a squeezed vacuum state. Using
again the states of equation 12 and introducing the two-
photon subtracted squeezed vacuum state,
|2PS〉 = aˆ
2Sˆ(ζ)|0〉
sinh ζ
√
1 + 3 sinh2 ζ
=
cosh ζSˆ(ζ)|0〉+√2 sinh ζSˆ(ζ)|2〉√
1 + 3 sinh2 ζ
,
(25)
we can finally rewrite the entangled state as
|Ψ〉AB =
√
3 + 1/ sinh2 ζ|0〉A|2PS〉B + µ|1〉A|1PS〉B .
(26)
B. Photon-counting balancing condition
To obtain maximal entanglement for the hybrid state
given in equation 26 the relative weights should be equal-
ized as
µ2 = 3 +
1
sinh2 ζ
= 2(1 + c2) , (27)
where we use c = 1/(
√
2 tanh ζ). As before, this con-
dition can be experimentally achieved by adjusting the
beam-splitter ratio at the central station for mixing the
two conditional paths. For the sake of clarity, we will
refer to this as the two-photon balancing condition in
order to distinguish it from the single-photon balancing
condition, µ2 = 1, previously obtained.
We can interpret the two-photon balancing condition
from the perspective of photon counting. We assume
that N0 is the photon count from the local subtraction
on Bob’s side, and NA and NB are the photon counts in
the conditional path from Alice’s and Bob’s side, with-
out subtraction, for an acquisition time T . Therefore, to
maximize the indistinguishability we need to balance the
two coincidence counts:
C0,A = gAN0NAτ/T
C0,B = gBN0NBτ/T ,
(28)
where gA and gB are the degrees of correlation for the
corresponding coincident detections and τ the time width
of the coincidence window. Since the photon counts N0
and NB are from the same squeezed vacuum source, the
auto-correlation function is given by gB = 3 + 1/ sinh
2 ζ
. In contrast, the counts N0 and NA are from two uncor-
related sources, leading to gA = 1. Therefore, balancing
the coincidence counts between the two modes requires
C0,A = C0,B ⇒ gB
gA
=
NA
NB
⇒ 3 + 1
sinh2 ζ
= µ2 ,
(29)
which corresponds to the condition given by equation 27.
C. Representation of the hybrid entangled state
Figure 5(a) displays the generated hybrid entangled
state in the case of an initial 3-dB squeezed vacuum.
The diagonal blocks 〈0|ρˆA,B |0〉 and 〈1|ρˆA,B |1〉 corre-
spond to the single-photon-subtracted squeezed vacuum
and the two-photon-subtracted squeezed vacuum, respec-
tively. Additionally, the hybrid state in the rotated DV
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FIG. 5. Hybrid representation of the heralded hybrid en-
tangled state with an additional local subtraction in the loss-
less, symmetrically-balanced scenario. The blocks provide the
Wigner functions associated with the reduced density matri-
ces 〈k|ρˆ|l〉 with k, l ∈ {0, 1} in (a) and k, l ∈ {+,−} in (b),
respectively. The local squeezing on Bob’s side is 3 dB.
basis is shown in figure 5(b). The projected states in the
diagonal are mostly positive with a fairly round shape,
i.e. a better similarity to coherent states compared to
the case without using the local subtraction as shown in
figure 3(b). This feature results from the use of a photon-
subtracted squeezed vacuum state as the initial source for
the entangled state. A quantitative comparison of the fi-
delities to the targeted hybrid states in the two scenari
will be given later in section IV F.
D. Negativity of the Wigner function
We now evaluate the negativity of the Wigner function
corresponding to the state 〈1|ρˆA,B |1〉. As given in equa-
tion 26, the resulting state is a single-photon subtracted
vacuum state |1PS〉B , which is equivalent to a squeezed
single-photon state SˆB(ζ)|1〉B . The trend of the negativ-
ity of the Wigner function in the case of an initial 3-dB
local squeezing is given by the green line in Fig. 4(a).
For a small amount of squeezing, it decreases linearly
with transmission efficiency as
W = 1− 2ηB , (30)
which is independent from the efficiency in Alice’s mode,
the balancing parameter and the squeezing parameter.
Indeed, all these parameters affect the preparation rate
of the state but not its purity.
E. Negativity of entanglement
For the proposed enhanced version, the targeted en-
tangled state is still a hybrid qubit state similar to the
one produced by the original scheme, albeit with a basis
flip in one mode. Hence, the achievable maximum en-
tanglement is expected to be the same value of 0.50. To
elaborate on this point, the state presented in 26 can be
rewritten as
|Ψ〉AB = SˆB(ζ) |0〉A(c|0〉B + |2〉B) + µ/
√
2|1〉A|1〉B√
1 + c2 + µ2/2
.
(31)
In the absence of losses, the negativity of entanglement
can be derived from this expression:
N = µ
√
2 + 2c2
2 + 2c2 + µ2
. (32)
A maximum negativity of 0.5 can always be obtained
when the two-photon balancing condition, µ2 = 2(1+c2),
is satisfied. In this case, the generated state corresponds
to a maximally entangled qubit state.
Figure 6(a) shows the negativity of entanglement in
the presence of loss. The two-photon balancing condition
is found to be critical to obtain maximum negativity of
entanglement. Under the single-photon balancing condi-
tion, i.e. µ2 = 1, the negativity is always smaller than
0.28. Additionally, we can observe that the hybrid qubit
state prepared by the enhanced scheme is more sensitive
to the losses due to the higher photon number compo-
nents in the CV mode.
F. Fidelity
Here we compare the two schemes for the generation
of hybrid entangled qubits, i.e. with and without the im-
plementation of the local photon subtraction on Bob’s
side. Intuitively, the second scheme should produce hy-
brid entangled states with higher fidelity since the even
cat state in this case is better approximated by a two-
photon-subtracted squeezed vacuum state. In the follow-
ing, we quantify this difference.
In the first scheme, without local subtraction, the max-
imally entangled hybrid state reads
|Φ0〉 = |0〉A|1PS〉B + |1〉A|0PS〉B√
2
, (33)
and the targeted state is
|Ψ0〉 = |0〉A|cat−〉B + |1〉A|cat+〉B√
2
. (34)
The corresponding fidelity for no local subtraction, i.e.
n = 0, is obtained as
Fn=0 = |〈Ψ0|Φ0〉|2 = |〈cat+|0PS〉+ 〈cat−|1PS〉|
2
4
=
(√F0 +√F1)2
4
,
(35)
where F0 and F1 are given by
F0 = |〈cat+|0PS〉|2 =
√
1− λ2eλα2
coshα2
(36)
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FIG. 6. (a) Negativity of entanglement as a function of the intensity transmission for the single-photon and two-photon
balancing conditions. For comparison, the negativity for the state generated by the original scheme is given with the dashed
line. The losses in the two modes are assumed to be symmetric. (b) Fidelities Fn=1 and Fn=0, i.e. with and without local
single-photon subtraction on Bob’s side, as a function of |α|2 and for different squeezing levels. The implementation of the
additional photon subtraction allows to obtain |α|2 above 1 while keeping a high fidelity.
and
F1 = |〈cat−|1PS〉|2 = (1− λ
2)3/2α2eλα
2
sinhα2
. (37)
In the second scheme, the maximally entangled hybrid
qubit obtained after a local subtraction is
|Φ1〉 = |0〉A|2PS〉B + |1〉A|1PS〉B√
2
. (38)
The targeted hybrid entangled state is given by
|Ψ1〉 = |0〉A|cat+〉B + |1〉A|cat−〉B√
2
. (39)
The fidelity in this case with local single-photon subtrac-
tion, i.e. n = 1, is obtained as
Fn=1 = |〈Ψ1|Φ1〉|2 = |〈cat+|2PS〉+ 〈cat−|1PS〉|
2
4
=
(√F2 +√F1)2
4
,
(40)
where F2 is given by
F2 = |〈cat+|2PS〉|2 = (1− λ
2)5/2(1 + λα2)2eλα
2
(1 + 2λ2) coshα2
. (41)
These fidelities are plotted in figure 6(b) as a func-
tion of the cat size |α|2 for different values of the initial
squeezing. We can see that the fidelity with the targeted
hybrid state is indeed improved by the additional local
subtraction to generate cat states with sizes |α|2 & 1.
Specifically, in the case of 3 dB of squeezing, we have
Fn=0 ≈ 92% and Fn=1 ≈ 99% for |α|2 = 1. By increas-
ing the squeezing, the state retains a high fidelity even for
larger cat sizes. For instance, by using 4-dB squeezing,
the scheme with local photon subtraction can achieve a
cat size of |α|2 = 2 with fidelity of 96% while the first
scheme can only achieve a fidelity around 75%.
While the enhanced scheme can substantially improve
the fidelity of the generated hybrid qubit state, the
amount of entanglement is still inherently limited by the
dimensionality of the state. In the following section, we
propose a modified scheme to generate hybrid qutrit en-
tanglement.
V. GENERATION OF HYBRID QUTRIT
ENTANGLEMENT
The scheme shown in figure 2 can be extended to gener-
ate hybrid qutrit entanglement. For this purpose, a two-
photon heralding detection at the central station should
be used. The resulting entangled state occupies a higher
dimensional Hilbert space, with the discrete mode span-
ning the {|0〉, |1〉, |2〉} subspace. In this section we derive
the generated state and detail the related properties.
A. Model of the generation scheme
In order to implement a two-photon detection in
the conditioning path, the approximation of the beam-
splitter operator should be extended to the second order:
Bˆ(θ) = eθ(aˆbˆ
†−aˆ†bˆ)
≈ 1 + θ(aˆbˆ† − aˆ†bˆ) + θ
2(aˆbˆ† − aˆ†bˆ)2
2
.
(42)
Similarly, the two-mode squeezed vacuum state should
also be written as:
|TMSS〉 ∝ |0〉c|0〉d + λ|1〉c|1〉d + λ2|2〉c|2〉d . (43)
Following the procedure detailed in section III, we can
obtain the entangled state corresponding to a two-photon
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FIG. 7. Hybrid entangled qutrit states under the balancing condition for maximal entanglement µ4 = 1 + c2, for a local
squeezing of 3 dB (a) and 6 dB (b), respectively. The diagonal blocks 〈0|ρˆA,B |0〉, 〈1|ρˆA,B |1〉 and 〈2|ρˆA,B |2〉 correspond to the
two-photon subtracted squeezed vacuum, the single-photon subtracted squeezed vacuum and the squeezed vacuum used in the
protocol.
detection as
λ2r2√
2
|cat+〉a|2〉d+θλtraˆ|cat+〉a|1〉d+ θ
2t2
2
aˆ2|cat+〉a|0〉d .
(44)
In practical implementations, where the even cat state
is approximated by a squeezed vacuum state, the above
expression can be reformulated as
Sˆa(ζ)
(
µ2|2〉d|0〉a +
√
2µ|1〉d|1〉a + |0〉d|2〉a + c|0〉d|0〉a
)
(45)
where we use again equations 12 and 25 and the param-
eter c = 1/(
√
2 tanh ζ).
B. Photon-counting balancing condition
To maximize the achievable entanglement, balancing of
Alice’s and Bob’s count rates should be obtained. We de-
note the coincidence counts with simultaneous detection
of two photons from either Alice’s or Bob’s side as CA,A
and CB,B , respectively. We also denote with NA and NB
the single-photon counts from each side in an acquisi-
tion time T . These counts are linked by the second-order
auto-correlation functions gA and gB as
CA,A = gAN
2
Aτ/T
CB,B = gBN
2
Bτ/T .
(46)
The auto-correlation functions gA and gB corresponding
to the thermal state in Alice’s side and the squeezed vac-
uum state on Bob’s side are given by
gA = 2 and gB = 3 +
1
sinh2 ζ
. (47)
Therefore, balancing the coincidence counts CA,A and
CB,B leads to the condition
µ4 =
3
2
+
1
2 sinh2 ζ
= 1 + c2 . (48)
C. Representation of the hybrid entangled state
The state presented in 45 can be reformulated as
|Ψ〉AB = SˆB(ζ)
[
µ2|2〉A|0〉B +
√
2µ|1〉A|1〉B+
|0〉A(c|0〉B + |2〉B)
]
/
√
c2 + (1 + µ2)2 ,
(49)
where the subscripts d, a are replaced by A,B. Figure
7(a) displays the hybrid representation of the qutrit en-
tangled state for the balancing condition µ4 = 1 + c2.
The diagonal blocks 〈0|ρˆA,B |0〉, 〈1|ρˆA,B |1〉 and 〈2|ρˆA,B |2〉
correspond to the two-photon subtracted squeezed vac-
uum, the single-photon subtracted squeezed vacuum and
the squeezed vacuum, respectively. The two-photon sub-
tracted squeezed vacuum is a good approximation to an
even cat state. By using 6-dB local squeezing, the cat
size in the generated hybrid entangled qutrit is enlarged
with the presence of pronounced negativity in the Wigner
function as shown in figure 7(b) .
D. Negativity of entanglement
The negativity of entanglement for the hybrid qutrit
state given in equation 49, in the absence of losses, can
be written as
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FIG. 8. (a) Negativity of entanglement for the hybrid qutrit state as a function of the local squeezing level in the single-photon
and two-photon balancing conditions. (b) Negativity of entanglement for hybrid qutrit entanglement as a function of the
transmission. For comparison, the negativity is also given for hybrid qubit entanglement in gray.
N =
µ2 + µ
√
1 + c2 + µ4 −√c4 + 2c2(µ4 + 1) + (µ4 − 1)2 + µ√1 + c2 + µ4 +√c4 + 2c2(µ4 + 1) + (µ4 − 1)2
c2 + (µ2 + 1)2
.
(50)
The maximum negativity N is ahieved under the balanc-
ing condition µ4 = 1 + c2 and is given by
Nmax(c) =
√
(1 + c2)
(√
2
√
1 + c2 − 2c +√
2
√
1 + c2 + 2c + 1
)/[
2(1 + c2 +
√
1 + c2)
]
.
(51)
For a qutrit entangled state, the maximum achievable
value for N is 1. In the limiting case of very large
squeezing, i.e. c → 1/√2, the negativity reaches here
Nmax|c=1/√2 ≈ 0.9. The state is therefore not maximally
entangled.
As shown in figure 8(a), the negativity of entangle-
ment increases with larger squeezing values. With 6-dB
initial squeezing, a negativity of 0.82 can be obtained.
Therefore, even for moderate squeezing the hybrid en-
tangled qutrit could exhibit a negativity of entanglement
stronger than what could at any point be attained by
hybrid entangled qubits.
We now study the negativity of entanglement in the
presence of loss. Figure 8(b) presents the value of N
as a function of transmission. In general, local squeez-
ing makes the decoherence faster due to the enlarged
“size” of the quantum state. With a local squeezing
of 6 dB, the entanglement of the hybrid qutrit state
drops below the one obtained with 3-dB squeezing when
the channel transmission is smaller than 88%. Further-
more, the available hybrid qutrit entanglement drops be-
low the one of the hybrid qubit state for a transmission
below 77%. Therefore, the potential higher entangle-
ment for the hybrid qutrit states can only be observed
in the condition of low overall loss, i.e. high-purity ini-
tial sources, high-transmission propagation channels and
high-efficiency detection.
VI. CONCLUSION
In conclusion, we have presented various schemes to en-
gineer hybrid entanglement between CV and DV optical
states. For each scheme we have identified the main pa-
rameters shaping the entangled state, such as the photon-
counting balancing parameter and the local squeezing
level in the experimental implementation. Moreover, we
have investigated how these parameters determine im-
portant properties of the heralded state, such as the neg-
ativity of the Wigner function, the fidelity with the tar-
geted states and the overall degree of entanglement. For
the generation of hybrid entangled qubits we have shown
in particular that a local single-photon subtraction in
the CV mode leads to a higher fidelity with a cat size
|α|2 greater than 1. The demonstrated size is compatible
with the values |α|2 ≈ 1 shown as the optimal value in
recent proposals for resource-efficient operations with hy-
brid qubits [41]. Furthermore, we have analyzed a novel
scheme to prepare hybrid qutrit entanglement by apply-
ing a two-photon heralding detection.
Experimentally, these states are challenging to pre-
pare. They require non-classical states with high purity,
and sometimes strong squeezing, together with large ef-
ficiencies for state propagation and detection. Thanks to
recent progresses in optical quantum state engineering,
these advanced schemes are becoming increasingly more
feasible. The generation of these hybrid entangled states
would provide crucial light sources to explore a variety
of novel protocols for heterogeneous quantum networks.
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